On the optimality of
grid cells



Anatomy

Subiculum PaS

CA3
CA2

DG

CA1 7~ LEC

Hippocampal Subiculum

fissure e e :

N Hippocampal fissure

‘. ;'T" NSy A P
PrS == =9~ Layer VI

Distal
PaS

Layer Il
Layer Il

N\

!Proximal lv

= . > CAT =B
deep Y« iDistal
PrSand PaS MEC

MEC

Neocortex ) ¢ - Proximal
Layer Il —T Ul
Deep | |C =], —
. ~ . 'Distal )

Parahippocampal region : s :
Hippocampal formation

Moser et al. 2014



Background

Grid cells are discovered in Moser et al. 2005 in mEC

It fires in hexagonal grid like pattern spatially with different
phases, spacing and orientation

Distinct neurons then will fire at different locations and
hence form a internal spatial map

It is believed that the neurons do path integration to
update the location
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Theoretical Question

How does the grid-like formation occur? Fuhs & Touretzky
2006, Burak & Fiete 2009

Why does the module size increase geometrically? Mathis
et al. 2012, Wei et al. 2013

What are the underlying computational principles of grid
cells? Papadimitriou 2016



Setup

N neurons on a circle
Respond to input @ € [0,27]

And the tuning curve of the ith neuron is f,(0)

2
We assume that f;,1)moan(€) = fi(0 + Wﬂ)



Setup

Given 0, the response ry(0) = f.(0) + n, where 1; is
Gaussian noise

Furthermore, the correlation matrix of the noise is C

And C;; is only a function of |7 — j|independent from 0

Total signal power is bounded i.e. f(H)T f(é’) <1

Would like to decode A@ from Ar



Fisher Information

For the decoding to be effective, we want small variance

Variance is lower bounded by reciprocal of Fisher

information by Cramer Rao’s theorem var(é) > —

1(0)
So we seek to maximize F. I. (@)’ C~£(0)

Then, f(@) corresponds to the largest eigenvector of C ™!



Solution

 Let 4, be the smallest eigenvalue of C with eigenvectors
(G = Dk and w; = sin(i = Dk=—)
o V; = COS((I — and w; = sin((1 —
l N l N

e So f(0) = a(@)v + B(O)v where a® + % = 1

e Now let a(f) = sin(¢(0)) and f(0) = cos(¢(60))

. We get #(0) = sin(¢(0) + (i — 1)k2—]\7:)



Solution

e By periodicity, we have

(O + 25 + (i — DE=Z) = sin((0) + k=)
sin(¢ N l N =S l N

27 27
. OO0+ W) = ¢(0) + kW + 2nzx for some integer n

2T 2T
. Lety(0) : [0, N] > R. For 8 € [0,2x], define 8’ € [0,—] and

N
27 (N—-1)2x
0" e {0,—, -,
N N

} from 0 = 6"+ 6"

e Then f(0) = sin(w (&) + @”) is a solution



Tuning curve
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Other points

e One dimensional grid cells can efficiently compute the
displacement with two copies of grid cells with phase
orthogonal to each other.

e [wo dimensional grid cells cannot generalize immediately
unless we assume the fisher information can be
maximized axis wise.

e |n this case, the reason that two dimensional grid is
hexagonal lattices might be of a computation one. You
need four copies of grid cells to calculate displacement.
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STDP forms associations
between memory traces in
networks of spiking neurons



Change in EPSC amplitude (%)
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Short Term Plasticity

Synaptic release probability (calcium)
Synaptic availability (vesicle in the ready release zone)

Short term plasticity is proportional to the product of
these two

This helps the network to stabilize



Short Term Plasticity

Presynaptic

a Depression b Facilitation

Postsynaptic

€ Desensitization d Saturation

SPSe

@3




(single pattern presentation)
A

Encoding phase

7

~

Association phase

A

Network analyses:
® Assembly codes
® Association codes (Fig. 7)

(combined pattern presentation) @ Number of PCUs, HUs

Initialization phase
(noise input)

Resting phase 1 Resting

(noise input)

(noise input)

phase 2

|

250

100 R W

Inp. nrns.

(Future)

Assembly 3
Y %63

(Future)
Assembly 2

36

(Future)
Assembly 1

MRUs

o PRI

108

1

" )

Y S
U; ... l- e -.
(R e & i : !.. :
= LESHEHET
. 1Rk § ‘4,

o il iean] ] )es

v Vo, '

2
e fm

T W ol - o I
== :."_IT .:’--Ff ' ':'* L.
. '.'--_:-'_-":. b L1 | e
c2 B AR
C o [ ch WK I B
- c f i
b e -

B AT

-
Ll
- .'
|- ]
I:Il -

-
-
oy
Wt

AL
-
ll:
"o
X'
"
o 1
!
N
rn '
N .
pallhs
o 5
e
A
e=1lt
AR
oot
AR
-1
—
et
i L
S
-k
e -
=
— .
-
]
o
{ ]
R

|'.: "u-
'+
e
'm
g &

S o

T g =g
- .

-

- f-l_l'{-!ﬁ’.

e
8

R TUEEY

..

Ty

=T
"

e D

v Ma- 1y
I

1 'Er_-

500 750

il

it 1 TR PO

(o)| MR PRI TERR LY SR LRI G AR AR L) ML R A

HUS3__-__', _____ '.__-'! ______ R R

Time (s)

' '
bl II"" LA .'.'l-

", B

" {

1036

. . [OIN L . B - " o "
- I.-:.,u\ L-:-. ' ,i I.I,ll'.: [ q".l’-..l;.,".‘--,! t :. oy e e e -.'.‘ SR ,.l-" wal,

—eem emy e e e e e E— ey en e en e em e e e e En Em Em e e -

1
B it = R el I
I = ' bl 0= Nk
— i o i " - - H
5 e j—rn : o a - LA |
‘e . T Il : P
- Z’._ o i -y ' o
v ; - ' \ = -
- - -, - law = AR I
- = .
A oSk R 4k = s [ e
oy = L3 i o -

- e em o e e e e e - -

- Sh :
HEL in = -
. Ay Cor
AL . E
u Hil {
e [ R
g h (1] Sy
-, - F 1



Inp —E weight

E —E weight
N WA U
o

o

=
o !

o !

(o)}
COlNCD

)

Encoding phase

Association phase

Pattern 1 —-Assembly 1
Pattern 2 —Assembly 2
Pattern 3 —Assembly 3
Other connections from input

Assembly 1 -1

Assembly 2 —2

Assembly 3 —3

Assembly 1 -2

Assembly 2 -1

Assembly 1+ 2 excl. PCU targets
Other recurrent connections




100

Inp. nrns.

81
Assembly 3
63

Assembly 2
36
Assembly 1

9 -
MRUSHUS 3
G4y |

Other
exc. nrns.

108

Inh
nrns.

HEEIT T "'
,-,r- .--.r '.,,, --'*.' _|, " ik 't
s r,

LT l. |._ ~'r " .‘ll.n :..'.

'..”...."'- “ .;'-., " l,hﬂ.-" m

>,

_\.

l
":-' \"'f' '.I-

ek 2
ey -‘- o Yy

A

A MM

_—
-
-

r

bl |

-

f

1
I
- "lb"‘-|'l

'
]
- ll[ II

L

L

T

\-I-.'.'r-.T-'-c ¥ e -F.l\



P TR O TR LT
) Pty Wy i = 21t R o Ty 2
c T R T Wl P
- 5.‘ .n ' . '..'.‘“.. i 'l‘ '.', it ‘J" .':
C ' d"" '.| ' .!h ||"'*| b
A = o -fll.l'.; (B T iy PEREYR
S : ] Y vll\‘ fe o o, !. T N ! o
8— -:. ] E :"'..': i'v e ',..-. . .- .\:-e,. '.{I . ' .
= " ) LA 'll" e Bt " "‘&ed 'e ':‘:" '.':""- [ b e e -:.'- t ey ' I\'. -~
Thesrie: R O I T L A TR A SO HORTRATE L L

98

}
Assembly 3 H i
83k ------  ---- R M e e m o — o e mmmmmm— -
Assembly 2 i = J i :
68 - - —.— — - e e R mm—--- R i ot
Assembly 1 = e b B
51F - - &= - - T e R e e R .
HUs o 2 ) - | ”
1 l.' ' ' '
1 '.:5 ' ;
1 ‘ v
334 : . :
= |‘ i ) E

Other
exc. nrns.

o ' '
' '
0 K ' .
: " '

108

. tS f- ' o

— Vo * ' T r ; : i

- 3= - - , L i 2 { -

- - I'E' v P [ B | f I )

cn i W . r : N ! -
< c g { — - — e =y . ok
EiE E r Al ' ; r— ¢ - :

c = i i ' N - = . ‘2

1 = iy as | is ! . R

—

200 ms



