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A b s tra c t--Ma n y  ne ural ne twork re aliz ations  have  be e n re ce ntly propos e d fo r the  s tatis tical te chnique  o f Principal 
Com pone nt Analys is  ( PCA ). Explicit conne ctions  be twe e n num e rical cons traine d adaptive  algorithm s  and ne ural 
ne tworks  with cons traine d He bbian le arning rule s  art, reviewed. The  S tochas tic Gradie nt As ce nt ( S GA ) ne ural 
ne t work is  propos e d and s hown to be  clos e ly re late d to the  Ge ne raliz e d He bbian Algorithm  ( GHA ). The  S GA be have s  
be tte r fo r e xtracting the  le s s  dom inant e igenvectors . The  S GA algorithm  is  fitrthe r e x te nde d  to the  cas e  o f le arning 
m inor com pone nts . The  s ym m e trica l S ubs pace  Ne twork is  known to give  a rotate d bas is  o f the  dom inant e igenvector 
subspace , but usuall.v not the  true  e igenvectors  the m s e lve s . Two e xte ns ions  are  propos e d: in the  firs t one , e ach ne uron 
has  a s calar param e te r which bre aks  the  s ym m e try. True  e igenvectors  are  obtaine d in a local and fid ly  paralle l 
le arning rule . In  the  s e cond one , the  cas e  o f  an arbitrary num be r o f paralle l ne urons  is  cons idered, not ne ce s s arily 
le s s  than the  input vector dim e ns ion. 

Ke ywords --Ne ura l ne tworks , Genera lized He bbia n Algorithm, S tochas tic gradient ascent, Subspace  ne twork, Minor 
compone nts , Eigenvector. 

1. IN T R O D U C T IO N  

P rinc ipa l C o m p o n e n t  Ana lys is  (P C A) is  a n  e s s e ntia l 
te c h n iq u e  in d a ta  c o m p re s s io n  a n d  fe a tu re  e xtra c tion .  
A m e th o d  o f re d u c in g  the  n u m b e r  o f in p u t va ria b le s  
e n te ring  s o m e  d a ta  p roce s s ing  s ys te m s  is  to  d is ca rd  
thos e  line a r c o m b in a tio n s  which  ha ve  s ma ll va ria n c e s  
a n d  to  le a ve  on ly thos e  th a t ha ve  la rge  va ria nce s . Eve n  
if a ll line a r c o m b in a tio n s  a re  m a in ta in e d ,  va ria b le - 
le ngth  cod ing  s c h e m e s  a llow ve ry e ffic ie nt c o d in g  a n d  
de cod ing  whe n  the  va ria n c e s  a re  a s  n o n u n ifo rm  a s  pos - 
s ible . P re s e n t-da y d a ta  c o m p re s s io n ,  e .g., the  re ce n tly 
p ropos e d  digita l vide o  c o m p re s s io n  s ta nda rds  (Le  Ga ll, 
1991 ) a re  ba s e d  on  th is  p rinc ip le .  

As s u me  tha t 2 is  a n  n -d im e n s io n a l inpu t da ta  ve c to r 
tha t ha s  be e n  ce n te re d  to  ze ro  m e a n .  Th e  p u rp o s e  o f 
the  P CA is  to  find thos e  p (p  < n ) line a r c o m b in a tio n s  
w rtx ,  w rx  . . . . .  w rx  o f the  e le m e n ts  o fx  tha t s a tis fy: 
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1. E {( w T x ) 2 },  i = 1 . . . . .  p a re  m a xim iz e d ,  u n d e r 
the  c o n s tra in ts  

2. w rw j = 60 fo r j < i. 
R e q u ire m e n t 2 is  ne ce s s a ry to  limit the  va lue s  o f 

E { ( w f x )  z  } a nd  to  ge t u n c o rre la te d  c o m p o n e n ts .  
Th e  s o lu tion  for the  ve c tors  wt . . . . .  ~ ; a re  the  p 

d o m in a n t e ige nve c tors  o f the  d a ta  c o va ria n c e  m a trix 
C : E {x x T }.  ( I)  

The s e  a re  the  p o rth o g o n a l un it ve c tors  c~ . . . . .  cp give n 
by 

Cci = Xici (2) 

whe re  Xj . . . . .  X o a re  the  p la rge s t e ige nva lue s  o f m a trix 
C in de s ce nd ing  o rde r o f ma g n itu d e .  Th e  firs t line a r 
c o m b in a tio n  c rx  is  ca lle d  the  firs t p rinc ipa l c o m p o - 
ne nt, e tc . 

For e xa mple ,  in digita l s till vide o  ima ge  compre s s ion ,  
x is  a n  8 × 8 b lo c k o f a  g re y-tone  digita l ima ge . Th e  
e ige nve c tors  ci a re  a p p ro xim a te d  by fixe d tra n s fo rm  
ve ctors  give n by the  Dis cre te  Cos ine  Tra n s fo rm  (DC T).  
It ca n  be  s hown  (Ha m id i & P e a rl, 1976) tha t the  DC T 
is  a s ym p to tic a lly e qu iva le n t to  P CA for s igna ls  c o m in g  
fro m  a  firs t-orde r Ma rko v mode l,  which  is  a  re a s ona b le  
mode l for digita l ima ge s . Thus ,  te c h n iq u e s  re la te d  to  
P CA will ha ve  e xte ns ive  us e  in fu tu re  m u ltim e d ia  c o m - 
m u n ic a tio n  s ys te ms . 
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Re ce ntly, the re  ha s  be e n  m u c h  in te re s t in the  con- 
ne ction be twe e n P CA a nd ne ura l ne tworks . MultiLa ye r 
P e rce p tron  (MLP ) ne ura l ne tworks , which le a rn by 
the  Ba ck P ropa ga tion  a lgo rithm in s u p e rv is e d  a u to a s -  
s o c ia t iv e  mode , ha ve  be e n  s ugge s te d for da ta  compre s - 
s ion by Cottre ll, Mu n ro ,  a nd  Zips e r (1 9 8 7 ) a nd  ha ve  
be e n  s hown to  be  clos e ly c o n n e c te d  to  P CA by Ba ldi 
a nd  Ho rn ik (1 9 8 9 ) a nd  Bourla rd  a nd  Ka m p  (1 9 8 8 ).  
An o th e r cla s s  o f mode ls , in itia te d  by the  a u th o r's  P CA 
n e u ro n  with cons tra ine d  He bb ia n  le a rn ing  ru le  (Oja , 
1982 ), a re  one -la ye r fe e dforwa rd  ne tworks  which  com- 
p u te  the  P CA in u n s u p e rv is e d  mode . S uch mode ls  we re  
give n a nd  a na lyze d , e .g., by Ba ldi a nd  Ho rn ik ( 1991 ); 
Be cke r (1 9 9 1 ); C h a u vin  (1 9 8 9 ); F61dia k (1 9 8 9 ); 
Ho rn ik a nd  Ku a n  (1 9 9 1 ); Ka rh u n e n  (1 9 8 4 ); Ka r- 
hune n  a nd  J ou ts e ns a lo  (1 9 9 1 ); Krogh  a nd  He rtz  
( 1990); Kung  a nd  Dia ma n tra s  ( 1990); Lins ke r ( 1988 ); 
Oja  (1 9 8 3 ); Oja  a nd  Ka rh u n e n  (1 9 8 5 ); Oja  (1989 , 
1991 ): Oja , Oga wa , a nd  Wa ngviwa tta na  ( 1991 ), Rub- 
he r a nd  Ta va n ( 1989); S a nge r ( 1989); S ira t ( 1991 ); 
Willia ms  ( 1985); a nd  Xu, Krzyza k, a nd  Oja  ( 1991 ). 
Mos t mode ls  us e  line a r ne u rons ,  bu t a ls o non line a r 
one s  ca n be  s hown to  a p p ro xim a te  the  P CA (S ira t, 
1991 ) o r c o m p u te  s ome  o the r re la te d  s ta tis tica l e xpa n- 
s ions  ( Oja  e t a l., 1991 ). A ge ne ra l s urve y, re la ting  P CA 
mode ls  to  o the r uns upe rvis e d  le a rning ne ura l ne tworks , 
wa s  give n by Be cke r ( 1991 ). 

In the  following, one  o f the s e  s ugge s te d mode ls , the  
S ubs pa ce  Ne twork (Oja , 1989 ) is  fu rthe r a na lyze d , a nd  
a  ne w n o n s ym m e tric a l P CA ne twork, the  S tocha s tic  
G ra d ie n t As ce nt (S G A) ne twork is  in tro d u c e d  a nd  
c o m p a re d  to  the  clos e ly re la te d  bu t no t e qu iva le n t 
Ge ne ra lize d  He bb ia n  Algorithm (G HA) ne twork o f 
S a nge r (1 9 8 9 ).  S e c tion  2 give s  a  fo rmu la tion  for re - 
curs ive  P CA from which a ll the s e  ne twork mode ls  ca n  
be  de rive d a nd  give s  the  e xa c t a lgorithms . A ne w mo d - 
ifica tion, the  We ighte d S ubs pa ce  Algorithm, is  give n, 
which c o m p u te s  the  tru e  P CA in a  s ymme trica l ne t- 
work. 

S e ction 3 gives  ne w re s ults  on  the  e qu ilib rium a nd  
s ta ble  s ta te s  o f the  S ubs pa ce  Ne twork for the  ca s e  whe n  
the  n u m b e r o f ne u rons  is  la rge r tha n  the  inpu t d im e n - 
s ion. La rge  non line a r la ye rs  ca n  be  us e d a s  bu ild ing  
b locks  o f non line a r P CA ne tworks  (Oja , 1991 ), a nd  
the  a na lys is  o f the  line a r ca s e  is  the  firs t s te p to  unde r- 
s ta nding the  be ha vior o f non line a r cons tra ine d  He bb ia n  
ne tworks . S e c tion  4 s hows  tha t the  S GA in tro d u c e d  
he re  a nd  the  G HA a re  no t e qu iva le n t a nd  po in ts  ou t 
why the  S GA ne twork might be  pre fe ra b le . 

In s ome  a pplica tions , e .g., fre que ncy e s tima tion  o f 
s igna ls  bu rie d  in white  nois e  (Th o m s o n ,  1979) a nd  
cu rve  fitting (Xu ,  Oja , & S ue n , 1992), m in o r c o m p o -  
n e n ts  a re  ne e de d  ins te a d o f p rinc ipa l c o m p o n e n ts .  Mi- 
no r c o m p o n e n ts  a re  line a r c o m b in a tio n s  c ~x,  c T-tx,  
e tc., whe re  c ,  is  the  e ige nve ctor c o rre s p o n d in g  to  the  
s ma lle s t e ige nva lue . In this  ca s e  the  a lgorithms  c ite d  
a bove  c a n n o t be  d ire c tly us e d be ca us e  the  m in o r corn- 

pone n ts  will be  uns ta ble . Th e  cha nge s  ne e de d  in the  
S GA a re  dis cus s e d in S e c tion  5. Fina lly, S e c tion  6 give s  
s ome  conclus ions . 

Th ro u g h o u t,  the  e mpha s is  is  on  rigorous  ma the - 
ma tica l re s ults . Expe rime n ts  us ing the  s ugge s te d a l- 
go rithms  ha ve  be e n  give n e ls e whe re , e .g., by Ka rh u n e n  
(1 9 8 4 ),  Oja  (1 9 8 3 ),  a nd  S a nge r (1 9 8 9 ).  

2. R E C UR S IVE  P CA AND 
NE UR AL NE TWO R KS  

2.1. Dis cre te -Time  PCA Algorithms  and Ne ural 
Ne tworks  

Cons ide r a n a da p tive  s ys te m, e .g., a  ne ura l ne twork, 
tha t re ce ive s  a  s tre a m o f n -d ime n s io n a l da ta  ve c tors  
. \(k) (with  k the  d is c re te  tim e ) a nd  trie s  to  c o m p u te  
e s tima te s  w~ . . . . .  w~, for the  p p rinc ipa l c o m p o n e n ts ,  
i.e ., for the  p d o m in a n t e ige nve ctors  c~ . . . . .  cp o f the  
da ta  cova ria nce  ma trix C. Us ua lly the  s e que nce  { x(k)  } 
is  a s s ume d  s ta tiona ry, bu t in fa ct, the  a lgo rithms  re - 
vie we d be low ca n  be  us e d a ls o for a da p tive  P CA for 
n o n s ta tio n a ry inpu t s tre a ms . In Oja  (1 9 8 3 ),  the  fol- 
lowing ba s ic re curs ive  P CA a lgorithm wa s  s ugge s te d a s  
a  nume rica l me thod : 

Let 1~" = ( w~ . . .  w~,) be  the  n × p ma trix cons is ting  
o f ve ctors  w,. It is  upda te d  by 

l/'(k) = ll'(k - 1 ) + T (k ) . x - (k )x (k )T l~ '(k  - 1), (3) 

ll' (k)=  l. t '(k )S (k )  ', (4) 

whe re  3 '(k) is  a  s ca la r ga in p a ra m e te r a nd  S ( k )  is  a  
ma trix,  de pe nd ing  on W(k) ,  which  o rth o n o rm a liz e s  
the  c o lu m n s  o f l~"(k). Thus ,  W ( k )  ha s  o rth o n o rm a l 
c o lu m n s  for a ll k. De p e n d in g  on the  fo rm  o f m a trix 
S ( k ) ,  va ria n ts  o f the  ba s ic a lgo rithm a re  ob ta ine d . 

,4. T h e  S to c h a s t ic  G ra d ie n t  A s c e n t  ( S G A  ) a lg o rith m .  
In this  fo rm, ma trix S (k)  p e rfo rm s  the  G ra m -S c h m id t 
o rth o n o rm a liz a tio n  (G S O ) on  the  c o lu m n s  o f ~S (k).  
Writing  this  in e xplic it fo rm for the  c o lu m n s  o f m a trix 
I~ '(k) yie lds  the  following re s ult: 

LEMMA 1. FOp" ~ ( k ) s m a ll,  th e  j- t h  c o lu m n  wj( k ) o .f 
m a t rix  W(k) in  a lg o rith m s  (3 ) a n d  (4 )  s a tis f ie s  

% (k )  = w j(k  - 1 ) + 3 , ( k ) (x (k ) rw j(k  - 1 )) 

x Ix(k) - ( x ( k ) r% ( k  - I ))~i)(k  - 1) 
) I 

- 2 ~ ( . v (k )rw i(k  - l))w,(k - 1 )] + O (T (k )Z ) ,  
i- I  

j = 1 . . . . .  p. (5) 

Th e  p ro o f is  give n in b o th  Oja  (1 9 8 3 ) a nd  Oja  a nd  
Ka rh u n e n  ( 1985 ). 

Th e  a lgorithm (5 ) is  re la tive ly s imple  from the  nu- 
me rica l po in t o f vie w a nd  cou ld  be  im p ro ve d  in s e ve ra l 
wa ys , if e xplic it ma trix ope ra tions  a nd  m a trix s tora ge  
a re  us e d (C o m o n  & Go lub ,  1990). Howe ve r, in the  
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fo rm 5 it is  e s pe cia lly s u ita b le  for ne ura l ne twork im- 
p le me n ta tion .  S uch  a n  im p le m e n ta tio n  is  a  one -la ye r 
ne twork o fp  line a r pa ra lle l units , with  x (k)  the  in p u t 
ve c tor a nd  ,~)(k - 1 ) the  we ight ve c to r o fth e j- th  unit. 
De n o tin g  the  o u tp u t o f un it j by 

ya k)  = ~ ) (k -  I)TA'(k), (6) 

a nd  omitting  the  O(3 '(k)2 ) te rm, e qn  (5 ) ca n  be  writte n  
a s  

A % (k  - 1 ) = "y (k )y A k )[x (k )  - y j(k )% (k  - 1 ) 

- 2 ~, .vi(k)wAk - 1)]. 
t<j 

(7) 

Th is  ne twork im p le m e n ta tio n  is  s hown in Figure  1. 
Algorithm (7 ) is  ca lle d the  S GA a lgorithm. No te  

e s pe cia lly the  coe ffic ie nt 2 in the  s um on  the  right ha nd  
s ide , which is  a  cons e que nce  o f us ing the  GS O. Th e  
firs t te rm  on  the  right con ta ins  the  p ro d u c t ) ) ( k ) x ( k ) ,  
which  is  a  He bb ia n  te rm, a nd  the  o th e r te rm s  a re  im- 
plic it o rth o n o rm a lity cons tra in ts .  Th e  c a s e j = 1 give s  
the  C o n s tra in e d  He b b ia n  h, a rn in g  ru le  o f the  ba s ic P CA 
n e u ro n  in tro d u c e d  by Oja  (1 9 8 2 ).  Le a rn ing  is  the n  
pure ly loca l in the  s e ns e  tha t the  cha nge  in e a ch  indi- 
vidua l we ight on ly de pe nds  on fa c tors  tha t would  be  
loca lly a va ila ble  a t tha t pos ition  in a  ha rdwa re  ne u ron .  
If this  le a rn ing  ru le  is  a s s ume d  for e a ch  n e u ro n ,  the n  
the  e ffe ctive  inpu t to  n e u ro n  i cons is ts  o f the  p rim a ry 
inpu t x (k)  from which  the  te rm  2 w/<j yi(k)wi(k - 1 ) 
is  s ub tra c te d . 

Th e  conve rge nce  o f the  ve ctors  w~(k) . . . . .  w v (k )  
to  the  e ige nve ctors  c~ . . . . .  c v wa s  e s ta blis he d by Oja  
(1 9 8 3 ).  

B. T h e  S u b s p a c e  N e tw o rk  le arn ing  a lgorithm . Anothe r 
s ta rting  po in t for de riving pra c tica l a lgo rithms  a nd  
ne twork im p le m e n ta tio n s  from e qns  ( 3 ) a nd  (4 ) is  tha t 
ma trix S ( k )  in e qn  (4 ) is  no t pe rfo rming  G S O  bu t 
o rthonorma lize s  the  co lumns  o f H'(k) in a  s ymme trica l 
way. S ince  W(k - 1 ) ha s  o rth o n o rm a l co lumns , if3 '(k) 
is  s ma ll the  co lumns  o f l~f(k) in e qn  (3 ) will be  line a rly 
inde pe nde n t a lthough  no t o rthogona l.  Th e n  ma trix 
14"(k) 7 li' (k)  is  nons ingu la r a nd  pos itive  de finite , a nd  
H'(k) will ha ve  o rth o n o rm a l c o lu m n s  if 

S (k )  = (I'l'(k )rl~ '(k )) I/2. (8) 

Th is  is  be ca us e  now W(k)7 H ' (k )  = S (k)  -t 
1 4 "(k )T l~ '(k )S (k )  J = I.  An o th e r re curs ive  P CA a l- 
gorithm is  ob ta ine d  whe n, a s s uming 3 '(k) s ma ll, S ( k )  -~ 
is  e xpa nde d  a s  
S (k) I=(L~-(k)rl,~-(k))I/-" 

= [(ll'(k - 1 )7 + 3,(k)H'(k - I) rx ( k ) x ( k )  r) 

x (lt ' (k - 1 ) + "? (k )x (k )x (k )rH'(k  - 1)] -t/2 
= [I + 23 '(k)H'(k - I)rx(k)x(k)7" 

X H ' ( k  - 1 ) + O ( ' y ( k ) ' - ) ]  - ' / ' -  

= 1 - - y ( k ) H ' ( k  - 1 ) r x ( k ) x ( k ) r  

X i,l'(k - l)  
+ 0 ('7 (k )2 ).  (9) 

X l 

X2  

X n  

l/)11 
~ m  

tO21 
D I 

W n l 

Xl -- 2ylwlx 

X2 -- 2 y lw2 1  

X n  -- 2 y lW n l 

I/)12 
~ 7  

x l - 2 ~ yiW li W lp 
i<p ~_ 

//222 X2 -- 2 ~ y iz o 2 i 
b,  i<P  

~2p 
~ z  

W n 2  Z n  - -  2 ~ y iW n i '12np 
i<p 

Yl Y2 Yp 
FIGURE 1. The unsymmetrical SGA network. The p parallel linear neurons have outputs yj and weights w~ for inputs x+. The time 
index k is not shown explicitly. 
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S ubs titu ting  th is  in e qns  (3 ) a nd  (4 ),  a nd  o mittin g  a ll 
te rm s  p ropo rtiona l to  3,(k)2, give s  
A W ( k -  1) = ~ , (k)[l-  W ( k -  1 ) W ( k -  1) r] 

× x ( k ) x ( k ) rW ( k -  1). (10) 

Th is  is  the  m a trix fo rm o f the  S ubs pa ce  Ne twork le a rn- 
ing a lgorithm give n by Oja  ( 1989 ). 

If the  ve c to r o f o u tp u ts  is  d e n o te d  
y (k )  = W ( k  - 1 ) rx (k ) ,  ( I 1) 

the n  e qn  (1 0 ) ca n  fu rthe r be  writte n  a s  

AW(k - I ) 
= 3 , (k ) [x (k )y (k )  r - W ( k  - l) y ( k ) y ( k ) r],  (1 2 ) 

or for th e jth  c o lu m n  ~ /(k) o f W ( k ) ,  

A)~)(k - 1 ) 
P 

= ~ , ( k ) y j( k ) [x ( k ) -  ~, ) , , (k )w i(k  - 1)]. (13) 
i=1 

This  s hould  be  c o m p a re d  to  the  S GA a lgo rithm in e qn  
( 7 ). Th e  ne twork im p le m e n ta tio n  is  a na logous  to  Fig- 
u re  l bu t s imple r be ca us e  now th e j- th  ho rizon ta l line  
ca rrie s  the  s igna l 

P 
Zj = X j --  ~ Y iW ji ( 1 4 )  

i=l 

which is  the  s a me  for a ll n e u ro n  units . Thus ,  le a rn ing  
a t a n  individua l c o n n e c tio n  we ight ~)~ is  loca l a s  it on ly 
de pe nds  on  y~, x3, a nd  zj, a ll o f which  a re  e a s ily a cce s - 
s ible  a t tha t pos ition  in a  ha rdwa re  ne twork. 

Th e  conve rge nce  ha s  be e n  e a rlie r s tud ie d  by Wil- 
lia ms  (1 9 8 5 ),  who  s howe d tha t the  we ight ve ctors  
w j( k )  . . . . .  wp(k) will no t te nd  to  the  e ige nve ctors  
c~ . . . . .  cp bu t on ly to  a  ro ta te d  ba s is  in the  s ubs pa ce  
s pa nne d  by the m. Th is  re s ult will be  re vie we d in S e c- 
tion  2.2. 

C. T h e  G e n e ra liz e d  He b b ia n  A lg o rit h m  ( G H A  ). F ro m  
a lgorithm (1 2 ),  the  G HA give n by S a nge r (1 9 8 9 ) is  
ob ta ine d  by re p la c ing  the  ma trix y (k )y (k )  7 by ju s t the  
dia gona l a nd  s upe rd ia gona l, a s  no te d  by Ho rn ik a nd  
Ku a n  ( 1991 ) a nd  Be cke r ( 1991 ): 
AW ( k -  1 )= 3 , (k )[. v (k )y (k )  T -  W ( k -  1) 

× u p p e r(y (k )y (k ) r) ].  (15) 

Th e  ope ra to r u p p e r s e ts  a ll s ubdia gona l e le me n ts  o f a  
ma trix to  ze ro. Co lumnwis e , th is  is  s imila r to  the  S GA 
a lgorithm o f e qn  (7 ) with  the  d iffe re nce  tha t the re  is  
no  coe ffic ie nt 2 in the  s um: 

A,t)(k - I ) = 3 , (k )y j(k ) [x (k )  - y j( k )w j(k  - I ) 

- ~ . v i(k )w , (k  - 1)] (16) 
i</ 

= v ( k ) y j( k ) [x ( k )  - Z ),~(k )w~(k  - 1)]. 

(17) 

With  th is  d iffe re nce  the  G HA is  im p le m e n te d  by the  
s a me  ne twork o f F igure  1 a s  the  S GA. C o m p a re d  to  
the  fo rm  (1 3 ),  the  d iffe re nce  is  th a t in  the  G HA for 
the  j- th  n e u ro n  the  s u m m a tio n  in the  fe e dba ck te rm  
is  on ly up  to  j ins te a d  o fp .  

It wa s  s hown by S a nge r ( 1989 ) th a t the  we ight ve c- 
to rs  will te n d  to  the  tru e  e ige nve ctors . 

D. T h e  W e ig h te d  S u b s p a c e  A lg o rith m .  A ne w ve rs ion 
o f P CA le a rn ing  a lgo rithm wa s  re ce n tly p ropos e d  by 
Oja , Oga wa , a nd  Wa ngviwa tta na  (1992a ,  1992b). 
Writte n  in a  fo rm  a na logous  to  the  G ra d ie n t As ce nt, 
S ubs pa ce  Ne twork, a nd  G e n e ra liz e d  He b b ia n  Algo- 
rith m s  in e qns  (7 ),  (1 3 ),  a nd  (1 7 ),  re s pe ctive ly, the  
ne w a lgo rithm is  

A~t)(k - 1 ) 
P 

= 3 , (k )y j( k ) [x (k )  - Oj Z v i(k )w i(k  - I)].  (18) 
i=1 

Algorithm (1 8 ) is  s imila r to  the  S ubs pa ce  Ne twork a l- 
go rithm e xce p t for the  s ca la r p a ra m e te rs  0t . . . . .  0 v . If 
a ll o f the s e  a re  e qua l to  1, it re duce s  to  the  S ubs pa ce  
Ne twork a lgorithm. Howe ve r, if a ll o f th e m  a re  chos e n  
d iffe re nt a nd  pos itive : 

0 <0 t < 0 2 . . . < 0 ,  (19) 

the n  it ha s  be e n  s hown by Oja  e t a l. (1 9 9 2 b ) tha t the  
ve ctors  w~(k) . . . . .  wp(k) will te nd  to  the  tru e  P CA 
e ige nve ctors  c~ . . . . .  c , .  Th e  p a ra m e te rs  will b re a k the  
s ym m e try in the  S ubs pa ce  Ne twork le a rn ing  ru le  with  
the  re s ult tha t the  tru e  P CA ba s is  is  o b ta in e d  ins te a d  
o f a n a rb itra ry ro ta tion . S till, the  le a rn ing  ru le  is  loca l 
in the  s e ns e  tha t e a ch  c o n n e c tio n  we ight a )i mus t ha ve  
a cce s s  on ly to  yj,  xi, a nd  the  fe e dba ck te rm  z, in  e qn  
(1 4 ),  a nd  in a ddition  to  the  p a ra me te r 0 i o f tha t n e u ro n  
unit. Th e  ne w a lgo rithm is  a ppe a ling  be ca us e  it p ro - 
duce s  the  tru e  e ige nve ctors  bu t ca n  be  c o m p u te d  in a  
fully pa ra lle l wa y in a  h o m o g e n e o u s  ne twork. 

2.2. The  Corresponding Differential Equations  

It wa s  e xp la ine d  by Oja  (1 9 8 3 ) a nd  Oja  a nd  Ka rh u n e n  
(1 9 8 5 ),  ba s e d on  the  re s ults  o f Ku s h n e r a nd  Cla rk 
(1 9 7 8 ),  how the  a s ym p to tic  limits  o f d is c re te  le a rn ing  
ru le s  ca n  be  s olve d by a na lyz ing  the  c o rre s p o n d in g  
c o n tin u o u s -tim e  diffe re ntia l e qua tions . Forma lly, in  
the s e  e qua tions , the  te rm  x ( k ) x ( k )  r o c c u rrin g  in the  
d is cre te  a lgo rithms  is  re p la ce d  by the  a ve ra ge  C o fe q n  
(1 ),  a nd  ~ (k) is  omitte d .  De n o tin g  the  c o n tin u o u s - 
time  c o u n te rp a rt o f m a trix W ( k )  = (wj(k)  . . . . .  
w , ( k ) )  by Z ( t )  = ( z ~ ( t )  . . . . .  :p (t)) ,  with  t d e n o tin g  
c o n tin u o u s  time , the  following c o n tin u o u s -tim e  le a rn- 
ing a lgo rithms  a re  ob ta ine d . 
1. For the  S GA me thod : 

d z J d t  = Cz j - ( :]C z j)z j - 2 ~ (z fC z ~ )z i,  
i<j 

j = 1 . . . . .  p .  ( 2 0 )  
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2. For the  S ubs pa ce  Ne twork: 

d Z /d t  = C Z  - z z rc z : (21) 

o r c o lu m n wis e  in a  fo rm  c o m p a ra b le  to  (2 0 ): 
P 

dz j/d t = C z j-  Z (:T C z j)z , ,  J = l . . . . .  p . (22) 
i=1  

3. For the  G HA me thod : 
dz j/d t = Cz j - (z rC z , )z j - Z (:rC z j):, ,  

i<j 

j = 1 . . . . .  p. (23) 

4. For the  We ighte d  S ubs pa ce  ne twork: 

d z J d t = Cz j - Oj ~ (z rCz j)z ~, j = I . . . . .  p .  (24) 
i=1  

Th e  a s ympto tica lly s ta ble  limits  o f the s e  diffe re ntia l 
e qua tions  o r g roups  o f e qua tions  a re  pos s ible  limits  o f 
the  c o rre s p o n d in g  d is c re te  a lgorithms . Although  the  
e xa c t cond itions  u n d e r which  the  limits  a re  e xa c tly the  
s a me  ha ve  be e n  e s ta blis he d on ly in s ome  s pe cia l ca s e s  
in Oja  (1 9 8 3 ).  it tu rns  ou t tha t "u s u a lly" the  limits  
a re  the  s a me , a s  s hown by e xte ns ive  s imula tions  on  
the s e  a lgo rithms  by Ka rh u n e n  (1 9 8 4 ),  Ka rh u n e n  a nd  
J ou ts e ns a lo  ( 1991 ), Oja  (1 9 8 3 ),  a nd  S a nge r (1 9 8 9 ).  

In the  following, the  s ta bility o f ca s e s  1 to  3 a bove  
will be  re vie we d a nd  a na lyze d , while  ca s e  4 ha s  be e n  
th o ro u g h ly cove re d  by Oja  e t a l. (1 9 9 2 b ).  

3. ANALYS IS  OF THE S YMMETRICAL 
PCA NETWORK 

Cons ide r e qn (21 ). This  e quation has  be e n e arlie r an- 
alyze d by Willia ms  ( 1985 ) in the  ca s e  th a t the  n u m b e r 
o f n e u ro n s  p is  a t mos t e qua l to  the  in p u t d ime n s io n  
n. Full ra nk fixe d poin ts  ha ve  a ls o be e n  s tudie d  by Ba ldi 
and Hornik ( ! 991 ) and Krogh and He rtz (1 9 9 0 ).  S pe - 
cifically, Williams  (1 9 8 5 ) s tudie d the  s tability o f matrix 
P ( t )  = q / Z ( t ) rin  the  d yn a m ic s  induce d  by e qn  (2 1 ).  
Th is  is  gove rne d  by 

d P /d t  = P C  + C P -  2 P C P , (25) 

which  follows  d ire c tly from e qn  (2 1 ).  Th e  following 
Le m m a  follows  from re s ults  e s ta blis he d  for P ( t )  by 
Willia ms  ( 1985): 

LEMMA 2. Le t Zo  E 5~ "×~ b e  a f ix e d  p o in t o f(2 1  ). 
A s s u m e  tha t p < n a n d  C is  p o s itiv e  de fin ite .  Le t  
Po = Z o Z  r.  T h e n  
1. For a ll e ige nve c tors  c, o f  C, e ith e r P o q  = ci or 

Poq  = O. 
2. If  Po is  no t th e  o rth o g o n a l p ro je c tion  o p e ra to r on  th e  

p -d im e n s io n a l s u b s p a c e  L v s p a n n e d  b y  the . firs t p 
e ige nve c tors  c~ . . . . .  cp o f  C, the n  Po is  u n s ta b le  in  
th e  in d u c e d  d y n a m ic s .  

3. If  Po is  th e  o rth o g o n a l p ro je c tion  o p e ra to r on  Lp, 
th e n  it is  s ta b le  in  th e  in d u c e d  d y n a m ic s .  

For p roof, s e e  Le m m a s  1 to  3 o f Willia ms  (1 9 8 5 ).  
All the s e  re s ults  conce rn  the  loca l s ta bility o f fixe d 

points . Th e  globa l s ta bility cou ld  be  s tudie d  a long the  
following line s : Eqn  (2 5 ) is  a  m a trix Ricca ti e qua tion , 
for which  c los e d fo rm  s o lu tion  m e th o d s  e xis t. As  a n  
e xa mple ,  if in itia lly P (0 )  is  a  ra n k p o rthogona l p ro - 
je c tion  ma trix 

P(O) = v V r (26) 

whe re  V is  a n  n × p ma trix s uch  tha t V rV  = I,  the n  
s imple  s ubs titu tion  s hows  tha t the  u n iq u e  clos e d fo rm  
s olu tion  o f ( 25 ) for a ll t is  

P (t) = e C'V( I. 're 2°V) -I Vre  °.  (27) 

Howe ve r, to  a na lyze  the  globa l be ha vio r for ge ne ra l ini- 
tia l cond itions  s e e ms  a  cha lle nging  p rob le m. 

Although Re s ult 1 in Le m m a  2 a bove  implic itly 
s pe cie s  the  fixe d po in ts  o f (21 ) for the  ca s e  p < n , the  
ca s e  o f a n  a rb itra ry n u m b e r p o f pa ra lle l n e u ro n s  ha s  
no t be e n e xplicitly s pe cifie d up  to  now. The  fixe d points  
a re  s o lu tions  to  the  e qua tion  

( I-  Z Z T ) C Z  = C Z  - Z ( Z rC Z )  = 0. (28) 

Th e re  a re  m a n y fixe d po in ts  in ~ ,×v,  fully cha ra c te r- 
ize d in the  following for the  ca s e  tha t p is  a rb itra ry. 

THEOREM 1. Le t C b e  p o s itiv e  d e fin ite  in  (2 8 ).  Le t Z 
b e  o f  s iz e  n X p w ith  p arb itrary .  T h e n  a ll s o lu tions  o f  
(2 8 ) a re  o f  th e  f o rm  

Z = UH (29) 

w h e re  U E 5~"×r' r < min  { p, n }, a n d  th e  c o lu m n s  o f  
U are  s o m e  m u tu a lly  o rth o n o rm a l e ige nve c tors  ci, . . . . .  
ci, o f  C .  Ma trix  H E ~ rx p  h a s  o rth o n o rm a l rows , a n d  
m a trix  Z Z  T E 97 "×n is  th e  orthogona l pro je c tion  m a trix  
on  th e  s u b s p a c e  s p a n n e d  b y  Cg, . . . . .  c i.  

Th e  p ro o f will be  give n in the  Appe ndix. 
All o f the  fixe d po in ts  give n by Th e o re m  1 a re  e s - 

s e ntia lly ro ta tions  o f ma trice s  whos e  c o lu m n s  a re  e i- 
ge nve ctors  o f C multip lie d  by s ome  s ca la rs , inc lud ing  
ze ro . For e xa mple ,  ma trix Z = (c1 • • • co) whe re  the  cg 
ve ctors  a re  e ige nve ctors  o f C is  a  fixe d po in t,  a s  is  the  
ma trix Z = (a lCna2Cn . . .  akCnO . . .  0 ) ,  with k -< p 
a rb itra ry a nd  Z~=~ a ~ = 1. In the  la tte r ca s e , Z = UH 
with U = (c , )  a nd  H = (a ta 2  . . .  a k0  . . .  0 ) which 
c le a rly s a tis fie s  H H  r = I u n d e r the  s ta te d  cond ition  
o f  a j. 

Re s ults  2 a nd  3 o f Le m m a  2 a bove , e s ta blis he d by 
Willia ms  (1 9 8 5 ),  s how the  s ta bility o f ce rta in  fixe d 
po in ts  in the  ca s e  p _< n . In Th e o re m  1, no  a s s umption  
wa s  ma d e  on the  n u m b e r o f n e u ro n s  p .  Ba s e d on this  
th e o re m , a n o th e r ne w re s ult ca n  be  de rive d  conce rn ing  
the  s ta bility o f s o lu tions  to  e qn  (2 1 ) in  the  ca s e  whe n  
p is  a c tua lly large r th a n  inpu t d ime ns ion  n . Th is  ma y 
s e e m unin te re s ting  be ca us e  no  da ta  compre s s ion  is  the n  
pos s ible , a nd  this  ca s e  c a n n o t be  de rive d  from the  ge n- 
e ra l re curs ive  P CA a lgorithm o f e qns  (3 ) a nd  (4 ).  
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Howe ve r, the  s ym m e tric a l P CA n e two rk ca n  be  for- 
ma lly de fine d  for a n y n u m b e r o f pa ra lle l n e u ro n s ,  a n d  
a  re le va n t que s tion  is  wha t will h a p p e n  ifp  > n. Th is  
b e c o m e s  a n  in te re s ting  p ro b le m  whe n  the  n e u ro n s  a re  
n o n lin e a r a n d  P CA la ye rs  ca n  be  ca s ca de d  non trivia lly 
to  fo rm  multila ye r ne u ra l ne tworks  O ja  ( 1991 ). Th e  
a na lys is  o f the  line a r ca s e  he lps  the n  to  u n d e rs ta n d  the  
b e h a vio r o f the  n o n lin e a r ne twork.  

We  ha ve  n o w the  following re s u lt c o rre s p o n d in g  to  
Le m m a  2: 

THEOREM 2. Le t  Z o  E ~ "×P  b e  a f ix e d p o in t  o f(2 1  ). 
A s s u m e  th a t p >__ n a n d  C is  p o s it iv e  d e fin ite .  Le t  
Po = Z o Z  r.  T h e n  Po is  a s y m p to t ic a lly  s ta b le  in  th e  
in d u c e d  d y n a m ic s  if  a n d  o n ly  if  Po = I. 

Th e  p ro o f is  g ive n in the  Ap p e n d ix.  
Th e  re s u lt s hows  tha t the re  is  a  c e rta in  s ym m e try 

in the  s ta ble  s ta te s : Wh e n  the  n u m b e r o f n e u ro n s  p is  
s ma lle r th a n  in p u t d im e n s io n  n , the  s ta b le  s o lu tion  Zo 
will ha ve  o rth o n o rm a l c o lu m n s  which  s pa n  the  d o m i- 
n a n t p -d im e n s io n a l s ubs pa ce : whe n  p = n , Zo is  a  
s qua re  m a trix with  b o th  rows  a nd  c o lu m n s  o rth o n o r- 
ma l; a nd  whe n  p > n ,  Z o  will ha ve  o rth o n o rm a l ro w s  
a nd  the  n o n o rth o g o n a l c o lu m n s  s pa n  the  whole  s pa ce  
7i'". Equa tion  Z Z  r = I implie s  for the  c o lu m n s  z, tha t 
Y. ~=l :iz  T = I; s uch  a  ba s is  o f Y¢" is  ca lle d  a  p s e udo- 
o rth o n o rm a l ba s is . 

For the  line a r ne t. in which  the  we ight m a trix W(k)  
conve rge s  to  W s a tis fying  W W T = I.  e qn  ( 11 ) the n  
fu rthe r implie s  x = Wv = ~.k • ~,i-:~ w~)'i; the  o u tp u ts  .|'i 
fro m  the  P CA la ye r give  the  coe ffic ie nts  o f x in the  
p s e u d o -o rth o n o rm a l ba s is  o f the  we ight ve c to rs  w~. 
Thus ,  in p u t x ca n  be  un ique ly d e te rm in e d  fro m  o u tp u t 
y,  which  m e a n s  th a t no  in fo rm a tio n  los s  ta ke s  p la ce  a t 
s uch  a  ne ura l la ye r. 

4. ANALYS IS  O F  T H E  N O N S YMME T R IC AL 
P CA NE TWO R KS  

Cons ide r now e qns  ( 20 ) a n d  (2 3 ).  Th e y ca n  be  unifie d  
to  the  fo rm  

dz , ld t = C:,  - ( :f C :, ) :,  - a F ,  ( : / C : , ) : ,  
i<j 

j= I . . . . .  p ,  (30) 

whe re  o~ = 1 for the  G HA a nd  2 for the  S GA. It ha s  
be e n  s hown by O ja  (1 9 8 3 ) a nd  S a nge r (1 9 8 9 ) th a t the  
e ige nve ctors  _+ci a re  a s ym p to tic a lly s ta b le  s o lu tions  for 
z~ in S GA a nd  G HA,  re s pe ctive ly. Th e  a lgo rithms  diffe r, 
howe ve r, in the  b e h a vio r o f the  le s s  d o m in a n t e ige n- 
ve c tors  for ve ry s ma ll in itia l va lue s . For b o th  a lgo- 
rithms ,  ze ro  is  a n  uns ta b le  fixe d p o in t for z~, bu t the  
S GA be ha ve s  be tte r in  the  n e ig h b o rh o o d  o f ze ro . 

To illus tra te  this , cons ide r on ly the  la s t ve c to r z , .  
Be ca us e  the  p re vious  ve c tors  z , ,  . . . ,  z r_ , a re  inde - 
p e n d e n t Of Zp, it c a n  be  a s s u m e d  th a t the y ha ve  a lre a dy 

conve rge d  to  c~ . . . . .  cp_ ~, re s pe ctive ly. Th e n  e qn  ( 30 ) 
give s : 

d z , /  dt = CZp _T . _ _ -- ( _ p C _ l, ) _  p o: ~ ~k iC i(c T z p ).  (31) 
i<p 

Th e  s ta b ility o f ze ro  a s  the  s o lu tion  is  d e te rm in e d  by 
the  line a r pa rt,  

d z , /d t  = ( C -  a ~ ~,c , c f  )z p .  (32) 
i<p 

Th e  e ige nve c tors  o f the  coe ffic ie n t m a trix a re  c le a rly 
ct . . . . .  c ,  with  c o rre s p o n d in g  e ige nva lue s  ( 1 - a )k~  
for i < p a n d  ~,i for i >_ p .  Th e  m u tu a l ra tio s  o f the s e  
d e te rm in e  how qu ickly :i, will tu rn  to  the  d ire c tion  o f 
cp. If a t a  c e rta in  m o m e n t  t 

n 

:~,(t) = ~ ~,(t)c , ,  (33) 
i- I  

with  ~,(t) ve ry s ma ll,  the n  it ho lds  

d¢ ,/d t = (1 -c ¢ )k,~ ,  i<p ,  (34) 

=k iw i,  i > p .  (35) 

Th is  s hows  tha t for c~ = 1 a s  in the  G HA rule , the  
c o m p o n e n ts  in the  d ire c tion  o f the  m o re  d o m in a n t  e i- 
ge nve c tors  do  no t die  ou t until the  n o n lin e a r p a rt ta ke s  
e ffe ct, while  ifc~ = 2 (or, in fa ct, a n y n u m b e r  >1  ) th e y 
go  to  ze ro  fa s te r. In  n u m e ric a l s o lu tions  o f the  diffe r- 
e n tia l e qn  (3 1 ) for ~ = 1 a n d  a  = 2, the re  is  a  c le a r 
d iffe re nce : Th e  re la tive  p ro je c tio n  o fz  on  cp. o r I z T~; I / 
I[zll, g rows  m u c h  fa s te r to  1 whe n  e~ = 2. 

5. LE AR NING  MIN O R  C O MP O N E N T S  

Lin e a r c o m b in a tio n s  c r x  with  i = n , n - 1 . . . . .  g ive n 
by the  e ige nve c tors  c o rre s p o n d in g  to  the  s ma lle s t e i- 
ge nva lue s  o f C ,  a re  ca lle d  m in o r c o m p o n e n t s  ( X u  e t 
a l., 1992). It wa s  s hown by Th o m s o n  (1 9 7 9 ) how the y 
ca n  be  us e d to  e s tima te  fre que ncie s  o fs in u s o id a l s igna ls  
b u rie d  in white  nois e . Re ce ntly, Xu  e t a l. (1 9 9 2 ) in- 
tro d u c e d  a  ne ura l un it,  the  O p tim a l F itting  Ana lyze r, 
which  is  a n  a n ti-He b b ia n  va ria tio n  o f the  ba s ic  P CA 
n e u ro n  o f O ja  (1 9 8 2 ).  Th is  wa s  a pp lie d  to  a  S ubs pa ce  
Cla s s ifie r by Xu  e t a l. ( 1991 ). 

Forma lly, re ve rs ing the  He b b ia n  le a rn ing  ru le  in e qn  
(5 ) to  the  a n ti-He b b ia n  va ria n t a nd  re ve rs ing  the  s ign 
o f the  n o rm a liz in g  te rm  give s  the  s ta rtin g -p o in t for the  
m in o r c o m p o n e n t  le a rn ing  a lg o rith m. As  in e q n  (3 0 ),  
the  c o n tin u o u s -tim e  c o u n te rp a rt is  g ive n by 

d:, la~  = -C z j + (:~ 'C:,):,  - ,  Z ( : ;C : , ) : , ,  
t>j 

j = n ,  n - 1 . . . . .  p ,  (36) 

whe re  c~ = 2. Howe ve r, the  e ige nve c tors  cn . . . . .  Cp a re  
no t s ta b le  s o lu tions  o f th is  e qua tion .  A s ta b le  fo rm  is  
o b ta in e d  by choos ing  the  p a ra m e te r a  s u ita b ly s o  th a t 
the  s o lu tions  zn . . . . .  Zp will b e c o m e  o rth o n o rm a l,  a nd  
by a d d in g  a n  e xtra  te rm  th a t will n o rm a liz e  the  s o lu- 
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tio n s  to  u n it le ng th .  S u c h  a  s ta b le  a lg o rith m  is  g ive n  
b y 

d z J d t  = -C z j + (z fCz j)z j - a ~ ( z rC j) z i 
i>j 

+z j- ( z f z j) z j,  j=n , n -  1 . . . . .  p .  (37) 

Th e  c o rre s p o n d in g  n e two rk im p le m e n ta tio n  is  g ive n 
b y th e  le a rn in g  a lg o rith m  

Au)(k - 1 ) = 3 , ( k ) [- y i( k ) x ( k )  

+ [yj(k)2  + 1 - u ) ( k -  I) r% (k - l) ]% ( k -  1) 

+ a ~ y i( k ) y j( k ) w ~ ( k -  1)]. (38) 
i>1 

Th e  firs t te rm  in  th e  b ra c ke ts  is  th e  a n ti-He b b ia n  te rm  
a n d  th e  s e c o n d  te rm  is  th e  "fo rg e ttin g " te rm ,  p ro p o r- 
tio n a l to  ~ )(k - 1 ) its e lf. No w the  coe ffic ie n ts  in  th e  
fo rge tting  te rm  a re  m o re  c o m p lic a te d  th a n  in  the  o rig - 
ina l S G A a lg o rith m ,  b u t e ve ryth in g  is  s till loca l with in  
o n e  n e u ro n  a lth o u g h  n o t with in  o n e  c o n n e c tio n  we ight. 
Th e  th ird  te rm ,  s im ila r to  th e  S G A,  give s  th e  in flu e n c e  
o f the  o th e r n e u ro n s .  As s u m in g  th is  m o d ifie d  le a rn in g  
ru le  fo r e a c h  n e u ro n ,  th e  n e two rk o f F ig u re  1 c a n  b e  
u s e d  to  im p le m e n t  th e  a lg o rith m  (3 8 )  with  o b vio u s  
c h a n g e s  in  th e  in te rn e u ro n  s igna ls . 

Th e  a lg o rith m  ( 38 ) will c o n ve rg e  to  th e  m in o r  c o m - 
p o n e n ts  in  the  s a m e  wa y a s  th e  S G A a lg o rith m  c o n - 
ve rge s  to  th e  p rin c ip a l c o m p o n e n ts .  Th e  e s s e n tia l p o in t 
c o n c e rn s  th e  s ta b le  fixe d p o in ts  o f th e  c o n t in u o u s - t im e  
a lg o rith m  (3 7 ) ,  wh ic h  a re  g ive n  in  th e  fo llowing : 

THEOREM 3 . In  a lg o rith m  (3 7 ),  a s s u m e : 
1. T h e  e ig e n v a h w s  o f  C s a t is ~ ,  X~ > X2 > . . .  > X,, > 

O, a n d  Xp < I.  
2 . T h e  p a ra m e t e r a is  c h o s e n  a s  a > X~,/X,, - 1. 

Th e n  a s  t --~ ~ ,  e a c h  : j( t ) ,  j = n ,  n - 1 . . . . .  p ,  
will te n d  to  e ith e r cj o r - c j if c f z j( O )  is  pos itive  o r 
ne ga tive , re s pe c tive ly. 

Th e  p ro o f is  g ive n  in  the  Ap p e n d ix.  
No te  th a t a ll e ig e n ve c to rs  c a n  be  o b ta in e d  with  th is  

a lg o rith m  if a ll e ige nva lue s  a re  s m a lle r th a n  1 a n d  a  is  
c h o s e n  la rge r th a n  k~/X,  - 1. Th e  m a g n itu d e  o fe ig e n - 
va lue s  c a n  be  c o n tro lle d  in  p ra c tic e  b y n o rm a liz in g  th e  
in p u ts .  Th e  c o n d itio n  o n  a  in  Th e o re m  3 is  e s s e n tia l 
in  the  s e ns e  th a t if it d o e s  n o t ho ld ,  th e n  Zp will n o t  
c o n ve rg e  to  c o . S im u la tio n s  with  a rtific ia l in p u t d a ta  
s e ts  s h o w th a t ifa  is  la rge r th a n  b u t c los e  to  Xp/~,~ - 
1, c o n ve rg e n c e  will be  s low. Be s t c o n ve rg e n c e  is  o b - 
ta in e d  wh e n  a  is  c h o s e n  la rge . Th e  q u a n tita tive  d e p e n - 
d e n c e  o f the  c o n ve rg e n c e  s pe e d  o n  p a ra m e te r a  is  s h o wn  
in  th e  p ro o f o f Th e o re m  3 in  th e  Ap p e n d ix.  

6 .  C O N C LU S IO N S  

Th e  a lg o rith m s  re vie we d  a n d  in tro d u c e d  a b o ve  a re  
typ ic a l le a rn in g  ru le s  fo r the  a d a p tive  P C A o r m in o r  
c o m p o n e n t  e xtra c tio n  p ro b le m ,  a n d  th e y a re  e s pe c ia lly 
s u ita b le  fo r n e u ra l n e two rk im p le m e n ta tio n s .  In  n u - 

m e ric a l a na lys is  a n d  s igna l p roce s s ing ,  m a n y o th e r a l- 
g o rith m s  ha ve  b e e n  re p o rte d  fo r d iffe re n t c o m p u t in g  
h a rd wa re .  A re c e n t re vie w is  C o m o n  a n d  G o lu b  (1 9 9 0 ).  
E xp e rim e n ta l re s u lts  o n  th e  P C A a lg o rith m s  b o th  fo r 
fin d in g  th e  e ig e n ve c to rs  o f s ta tio n a ry tra in in g  s e ts , a n d  
fo r tra c kin g  th e  s lowly c h a n g in g  e ig e n ve c to rs  o f n o n - 
s ta tio n a ry in p u t d a ta  s tre a m s ,  ha ve  b e e n  re p o rte d  b y 
Ka rh u n e n  (1 9 8 4 ) a n d  O ja  (1 9 8 3 ).  Re s u lts  o f th e  G H A 
a lg o rith m  o n  im a g e  c o d in g ,  te xtu re  s e g m e n ta tio n ,  a n d  
re ce p tive  fie ld  m o d e llin g  we re  g ive n  b y S a n g e r ( 1989 ). 
(1 9 8 9 ).  

An  o b vio u s  e xte n s io n  o f th e  P C A n e u ra l n e two rks  
wo u ld  be  to  us e  n o n lin e a r un its ,  e .g., P e rc e p tro n s ,  in - 
s te a d  o f th e  lin e a r un its .  Th is  a llows  n o n trivia l c a s c a d - 
ing  o f ne u ra l la ye rs  to  m o re  c o m p lic a te d  ne tworks .  Th e y 
will th e n  o p tim iz e  s o m e  o th e r c rite ria ,  re la te d  b u t n o t 
e qu iva le n t to  the  P C A (O ja  e t a l., 1991 ). S u c h  n o n lin e a r 
P C A n e two rks  ha ve  b e e n  a n a lyz e d  e ls e whe re  b y O ja  
(1 9 9 1 ).  
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AP P ENDIX: P R O O F S  OF T H E O R E MS  

P ro o f o f T h e o r e m  1 

In orde r to prove  The o re m 1, a  te chnica l re s ult is  ne e de d: 

LEMMA AL. Le t C be  pos itive  de finite , and  le t P be  an orthogonal 
proje ction m atri.v that s atis lie s  

C P  = PC. (A-1 ) 

The n  P  is  a  p ro je c to r on  a  s ubs pa ce  s pa nne d  by s ome  e ige nve ctors  
o f C. 

PROOF. For p roof, s e e  Th e o re m  3 in Oga wa  a nd  Oja  (1986 ).  

Proo f o f  The ore m  I. Cons ide r a ny s o lu tion  o f (2 8 ).  De n o te  the  or- 
th o n o rma l ba s is  o f Y~(Z) by v~ . . . . .  Vr, whe re  r = d im  ~ ( Z )  = 
rk (Z  ). Ea ch c o lu m n  o f Z ca n be  writte n  a s  

r 

z i = • viflj,, i = I . . . . .  p ,  (A-2 ) 
J = l 

with/J j, s ome  s ca la r coe fficie nts . De no ting  the  ma trix of/32~ by B a nd  
the  ma trix whos e  c o lu m n s  a re  the  ve ctors  o r by V it ho lds  tha t Z = 
l:B, with  vTv = I.  Ma trix B E ~i"×P mus t be  o f full ra nk s ince  rk (Z  ) 
= r < m in [rk (V ) ,  rk (B )],  he nce  rk (B )  = r. The n  ma trix B B rE  
]? '× '  is  nons ingula r. 

Now s ubs titu te  Z = VB in (2 8 ): 

C V B  = I/B (B rV rC V B ) .  (A-3 ) 

Multip lying (A-3 ) by V r on the  le ft a nd  by B r on  the  right yie lds  

I:rC V B B  r = I/rV B B  T v T C V B B  r. (A-4) 

S ince  l:rl" = I a nd  C is  pos itive  de fin ite , ma trix v rc v is  nons ingula r. 
Firs t B B  r. the n  v rc v  ca n  be  re move d  from the  right which  le a ve s  
I = B B  r. 

This , in tu rn , implie s  tha t 

Z Z  r= I:B B rV  r= V V  r (A-5 ) 

which  is  a  p ro je c tion  ma trix. 
Now, multip lying  (A-3 ) by B r l: r  on  the  right, 

CI:BB r l:r = VBB rV rC V B B  rv r,  (A-6 ) 

a nd  s ubs titu ting  B B  r = I yie lds  

C V V  r = v v rc v v  r. (A-7 ) 

S ince  the  right ha nd  s ide  is  s ymme trica l,  a ls o the  le ft s ide  mus t be  
s ymme trica l which  give s  

C V V  r= V I/rC .  (A-8 ) 

S ince  1" I "r is  a  p ro je c tion  ma trix,  Le m m a  AI implie s  tha t it is  the  
p ro je c to r on  s ome  e ige nve ctor s ubs pa ce  s p a n n e d  by a  s e t o f r o rth o - 
n o rma l e ige nve ctors  c ,  . . . . .  c,, o f C . The n  a ls o  

V = UA (A-9 ) 

whe re  the  c o lu m n s  o f U a re  the  ve ctors  c,. . . . . .  c,, a nd  A is  a  ma trix 
with  A - '  = A r. Fina lly, s ubs titu ting  th is  in Z = V B  yie lds  Z = UAB 
= UH whe re  ma trix H = A B  s a tis fie s  HH r = A B B rA  r = AA r = I.  
This  conc lude s  the  p ro o f o f Th e o re m  1. 

P ro o f o f The o re m 2 

The  p ro o f is  ba s e d on the  following Le m m a : 

LEMMA A2. Le t Zo be  any  f ix e d  point o f  e qn ( 21 ) and  de note  Z o Z  ro 
= Pp. Po is  as ym ptotically  s table  in the  induce d dynam ics  if  and  only  
if  m a trix  C - 2PoC is  ne gative  de finite . 

Prot~[~ Le t E (t)  = Z ( t ) Z ( t )  r-  Pp. By e qn  (2 5 ),  E s a tis fie s  

d E /d t  = ( C -  2 P o C )E  + E ( C  - 2P oC) - 2 E C E .  (A.10) 

E = 0 is  a  s ta ble  s o lu tion  o f th is  if a nd  only if C - 2 PoC is  ne ga tive  
de finite , by s ta nda rd  re s ults  on  diffe re ntia l e qua tions  (e .g., Th e o re m  
2.4 o f Ha le , 1980). 

Proo f o f  The ore m  2. If  part: a s s ume  Z o Z  r = Po = I.  Ma trix C - 
2 PoC o f Le m m a  A 1 be come s  - C  which is  pos itive  de finite . The re fore , 
Po is  a s ympto tica lly s ta ble . 

Only  if  part: a s s ume  Zo is  s ta ble . By Th e o re m  1, it holds  for a ny 
fixe d po in t tha t P0 = Z o Z  r is  a  p ro je c to r on  s ome  r-d ime ns iona l 
e ige nve ctor s ubs pa ce . As s ume  tha t rk (Z o ) = r < n ,  which  will le a d 
to  a  con tra d ic tion : In th is  ca s e , the re  is  a n  e ige nve ctor cj s uch  tha t 
P0¢) = 0, a nd  it follows  tha t c) is  a ls o a n  e ige nve ctor o f C - 2 PoC with  
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e ig e n va lu e  Xj > 0 .  T h u s  C - 2 P o C  is  n o t  n e g a tive  d e fin ite  a n d  P o is  
u n s ta b le .  Be c a u s e  Z Z  r - Po = Z Z  r _ Z o Z  r = ( Z  - Zo )Z r + Zo (Z 
- Zo) r, im p lyin g  

IIz - moll ~(llZZr-Po ll)/(llZ II + IlZoll,) (m-ll) 
it fo llows  th a t  a ls o  Zo is  u n s ta b le .  Th is  is  th e  c o n tra d ic t io n .  Th e re fo re ,  
r m u s t  b e  e q u a l to  n a n d  P o = I.  

Proof o f The ore m 3 

Mu ltip lyin g  e q n  (3 7 )  b y a n y e ig e n ve c to r c r ,  k = 1 . . . . .  n o n  th e  le ft 
yie ld s  

d 
( c f : A  = - X , ( c f = , )  + ( = ~ c : j  + i - --f-A(d-A 

- ~ Z ( :~ , C :, ) ( c 2 - 3 .  
I>1 

F o r _% th is  g ive s  

(A-1 2 )  

~ ( c k : . ) d  r =--Xk(tk-. ) ' r- +(_.C_._r _ + I - :rz . ) ( c r:. ) .  (A-1 3 )  

Ac c o rd in g  to  Th e o re m  3, a s s u m e  th a t  c rz . (O )  # O. Be c a u s e  th e  s o - 
lu tio n  for c r- .  is  u n iq u e  a n d  c rz .  = 0 is  a  p o s s ib le  s o lu tio n ,  it fo llows  
th a t  c rz . ( t )  will re m a in  n o n z e ro  a n d  h a ve  th e  s a m e  s ig n  fo r a ll t.  It 
is  th e n  p o s s ib le  to  d e fin e  0k. = ( c [z . ) / ( c rz . ) ,  k < n .  F o r th is ,  e q n  
(A- 13 ) g ive s  d ire c tly 

dOk,/dt = ( - ,kk  + ,k.)Ok, (A-14)  

which implies that 0k. "-~ 0 for all k < n because X. < h,. Therefore, 
a s ym p to tic a lly,  z .  h a s  th e  d ire c tio n  o fc ~ .  De n o te  z .  = ~ .c . .  It fo llows  
th a t  ~'. = c r : . ,  a n d  e q n  (A-1 3 )  g ive s  

d f . / d t  = - , ~ ' ~  + (X.~'~ + 1 - ~'~,)~'. (A-1 5 )  

= (1  - X. )(I - ~'~,)~'.. (A-1 6 )  

Th e  fixe d  p o in ts  o f th is  s c a la r d iffe re n tia l e q u a t io n  a re  0 a n d  + I. 
Be c a u s e  it is  a s s u m e d  in  th e  th e o re m  th a t  1 - X. > 0 ,  th e  p o in t  0 is  
u n s ta b le  a n d  p o in ts  ___1 a re  a s ym p to t ic a lly s ta b le .  If ~'~(0) = 
c / = . ( 0 )  is  p o s itive  o r n e g a tive ,  th e  lim it is  +1  o r - 1 ,  re s pe c tive ly.  
Th is  s h o ws  c o n ve rg e n c e  o f _-~ to  th e  n - th  u n it  e ig e n ve c to r.  

To  s h o w th e  c o n ve rg e n c e  of.-~_j . . . . .  .-p, in d u c tio n  is  u s e d .  As s u m e  
th a t  - .  . . . . .  ..-,+j h a ve  c o n ve rg e d  to  c~ . . . . .  cj+~. re s pe c tive ly,  with  j 
> p .  It is  s h o wn  th a t  :,  will th e n  c o n ve rg e  to  c,. E q u a t io n  (A-1 2 )  c a n  
n o w b e  re p la c e d  b y 

d T -j - j)(~ k-j)  ~ ( c ~ : , ) =  - Xk ( c [: , ) + ( : [C : , +  I - _T_ ,T.  

- ct ~, ( c rC :, ) ( c rc l) .  (A-1 7 ) 
I>/ 

For th e  s u m  te rm  it ho lds : if k > j,  th e n  ~,>, ( :fC c i) (c rc ~ )  = 
X~(cZ':,), a n d  ifk  _<j, th e  s u m  te rm  is  z e ro .  Ag a in ,  it is  a s s u m e d  th a t  
c f: , ( 0 )  # 0 , im p lyin g  th a t  c f: , ( t )  # 0 for a ll t,  a n d  0k, = t'r-k_,/cjr-_j 
c a n  b e  d e fin e d .  E q u a t io n  ( A- I 7 ) g ive s : 

dOk~/dt = ( ( - I - - a ) h k +  Xj)0 ,,,  k >j; (A-1 8 )  

= ( - - h k +  X,)0 O, k < j.  (A-1 9 )  

Un d e r  th e  a s s u m p t io n  o f Th e o re m  3 it h o ld s  ct > ,kp/X, - I. In  th e  
c a s e  th a t  k > j,  o r p __< j < k ~ n ,  it h o ld s  for th e  e ig e n va lu e s  th a t  Xp 
> X, > Xk > X~, wh ic h  im p lie s  ,~p /~ ,  > ~ flX k .  Th u s ,  a ls o  a  > ~ j/~ k  
- -  I. im p lyin g  (--I -- a );~k + k, < 0 . It fo llows  th a t  a ll 0t~ e xc e p t 0u 
will te n d  to  ze ro .  Th e  c o n ve rg e n c e  is  e xp o n e n tia l a n d  th e  s p e e d  o f 
c o n ve rg e n c e  fo r 0k,, k > j d e p e n d s  o n  a  a c c o rd in g  to  e q n  (A-1 8 ) .  

F ina lly. to  s h o w th a t th e  n o rm  o f: ,  te n d s  to  o n e ,  e xa c tly th e  s a m e  
p ro o f a s  for th e  ca s e  : ,  a pplie s . Th is  c o n c lu d e s  th e  p ro o fo f Th e o re m  3. 


